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An g-algebra A = (Aj;q) is called an p-subalgebra of a

semigroup S if A< S, and there is a mapplng e w from 9 in
S such that:

wlay,...oay) = Eal...a (1)

n

for all ay,ay,-..03,€AR, wei(n). (2(n) is the set of n-ary
operators belonging to 0, i.e. 2 is a union of disjoint sets
butive semigroups, i.e. semigroups that satisfy the following
distributive laws:

XyZ = XyXZ, XYZ = XzYZ, (2)

and by QD (n) the class of p-subalgebras of distributive semi-
groups. By a more general result (see for example [1, p. 272],
or [3]), for every operator domain 2, oD (R) is a guasivariety.
We show in this note that od(0) is a variety iff 9\9(0)

contains at most two operators.

1. The complete system of identities in the variety 2
is described in [2]. Namely, if Xys%y,... are variables and
pr9,1i ,3J are positive integers, then:

e Xi o iR Fi%e Ky . ks (3)
13 Tty 313 g
1s a nontrivial identity equation in <& (i.e. in every semigroup
SE L ) iff:
P23, 1,=3y, ip=jq, {il,...,ip} - {jl,...,jq}. (4)

((3) is a trivial identity if p=gq and i =3 .)
* = L 223
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Now, we can give a description of the complete system of

identity equations that hold in 2(2) (i.e. in every algebra
A €od(Q)).Let £ be an Q-term, i.,e. a term in the first order

language in which the operator symbols belonging to 2 are the

only non-logical symbols. Then we denote by |&| the length of &,
by c(g) the set of symbols that occur in &, by f£(f) the first
symbol of £ and by £(£) the last symbol of £. Then, if £ and n
are two f-terms the formula £=n is a non-trivial identity in

eJ () iff:

776

gl, Inl 23, cte) = cln), £(&) = £(n), 2(g) = 2(n).  (5)
The following propositionsare obvious.

1.1. D () is a variety iff: A satisfies all identities

of oD(g) implies that A € D (q).

[~

y Dig) is a variety iff oJ (a\2(0)) is a variety.

—_—

2.
1.3. If o"< a2, then: o) (2”°) is a proper guasivariety

implies that od(a) is a proper quasivaricty.

Thus, if we have an p-algebra A which satisfies all identi-
ties of oD (n) but does not satisfy a quasiidentity of =3 (n).,
then we can conclude, by 1.1, that oD () is a proper quasivariety.
By 1.2 we can assume that 2(0) = @, and fipally, by 1.3, if
o) (p,1) is a proper quasivariety, where p,tr €0, then D (2) is a
proper quasivariety as well.

2. Assume that o, and 1 are two different operators, such that

o is m-ary and t is n-ary.

Let us show that

oM = (™) = p2(x™ ) = 2(x27h (6)

is a quasiidentity in o0 (p,1) for any m,n21, and that if
m,n >2, then the following quasiidentity also holds in D(p,1):

o (X = (x™) = p2(MY™ L) = (MY 7

Namely, let A = (Ajt,p) be a {r,p}-subalgebra of a distri-

butive semigroup S and let a €A be such that o(a™ = z(a™) . Then
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we have:

1]

J2(a2mly o 52 gZmml _ 2 Mo o @™ (@) = (@) cla™) =
=T a7 al = ?2 a2n--1 w 12{a2n-1)’
i.e. we cbtain that A satisfies the quasiidentity (6).
Assume now that m,n> 2. Then, p(a™=¢(a”) implies that:
pz(ambmql) 32 a3 R )
t@p™ ! =7 a%" ! = T (@a®p! =
T p(@™b™! = T 7 a1l = o 5 (D,

for any b€ A. Therefore, if m,n>2, then (7) holds in ) (p,1).

[

i

Let n=1, and let A = ({a,b,cljp,r) be a {p,r}-algebra
such that a#b#c#a, and:
o(Xyrv..,xp) = b, for any xl,...,xmii{a,b,c!,
«(a) = b, t(b) = t{c) = c.
The algebra A does not satisfy (6), for p (™ = t(x)
implies x=a, but then:
92(321\1—1] =b #c = rz(a].

Let £ and n be two {p,t}-terms such that (5) holds. If the
first symbol of ¢ and n is p , then any value of £ and n is b.
If f(£) = f(n) = t and if the symbol p occurs in § and n, then
any value of ¢ and n is c¢. And, finally if £ = rix, n = zj,
i,j 22, then also any value of £ and n is c. Therefore the algebra
A satisfies all the identities of ) (p,1), but it does not belong
to oD (p,t), for it does not satisfy the quasiidentity (6).

It remains the case when m>2, n 2>2. Now we consider the
following algebra A = ({a,b,cl;p,7), where afb#c#a, and:

o(e™ = t(c™ = ¢,
p(xl,...,xm} = a, 1(x1,...,xn) = b,

1if xi#c for some i.
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The obtained algebra A does not satisfy the quasiidentity

* (7), for we have p(c™=c=r(c"), bit (™ 1)=agp=r, ("1,
Therefore A ¢ <& (p,1) but it can be easily seen that A satisfy
all the identities of o@{g,T}. Namely, let g(xl,xz,...,xpl ’
n(xl,xz,. .+X_) be two {p,r}-terms such that (5) holds. Then we
have: g(cp}=c=nfcp). And, if (cp)#(xl,...,xp), then f(g)=f(n)=p
= g(xl,...,xp)=a=n(x1,...,xp} , E(E)=E(n)=1 = E(xl,--..xp)=b=
=n(xl,...,xp). From this example it follows that o2 (p,t) is a
proper quasivariety.

Thus, we have shown that if a9\n(0) contains at least two
operators, then o (q) is a proper quasivariety.

3. It remains the case when 0 consists of only one n-ary
operator u, where n>1. In this case &) (0) = 8 (w) is a va-
riety. -

Let A = (A;w) satisfy all the identities of 9 (w), and let
e be a symbol which does not belong to A. Consider the semigroup
D which is freely generated by B = AU {e} in the variety &0 .
Thus, D consists of all "formal products" 1311:12...}:.p of elements
of B, and

-

b1b2"‘b q

p = bibz...o

in D iff

a=p, bv=b; or p,q=3, b1=b1‘, bp=b“.{and

{b ,...,bp} - {bi,...,h&}.

1

n
then we say that (u,v) and (v,u) are two pairs of neighbours. Two

If v=...a...€D, 2 A, awla;,...,a) in A, and v=...ea)...a ...,

u =z v, iff there is a sequence uo,...,utED such that t=0, u =u,

U =v, and {ui_l,ui) is a pair of neighbours if i>1. It is clear
that = is a congruence on D. )

We will show that the following statement is satisfied:

a,b€A = (a b == a =b) {*)
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and this will implies that A can be embedded as an Q-subalgebra
in the semigroup S = D/«.

Consider first the case n> 2. An element u€D will be

p>1l, a€A. The "value" [u] of an m—woru is defined in the
following way. First, if ue€A, then [u] = u. And, if u = eb o .
then u = eb b ...bpa:' for any 121, j21, and we can choose i,j
in such a way that the term g, which is obtained from u by
replacing any occuring of e by w is a "continued product” in

(A,w); then, [ul] is the "value" of this "product". The fact that

aa

(A;w) satisfies all the identities of D(w) implies that the value

fu] of an w-word is uniquelly determined.

Let a,b€A and a = b. Then, there exist uo,ul,...,utED
such that a=u_, b=ut, t20 and {ui_l,ui) is a pair of neighbours
for any i€ {1,...,t}. If u; is an w-word for any i, then [u
=[u;], and a=[a]=[u;]=...=[u;_,]=[b]=b.

Assume now that u; is an w-word if ie{0,...,p}, uj is not
an y-word if ie {p+l,...,p+g-1}, and up+q is an w=-word. Put
u£>+v=eup+v' if ve(l,...,9-1}. Then we have that (ug,u
(up+q-1:up+q} are pairs of neighbours and thus we have
[up]=[u1;+1]= [up+q__1]=[up+q], and therefore we consider the
sequence a=u_,... ,up p+1' P ,ué+q_i,up+q,
“o""'up'“p+1"“'up+q-1’“p+q' This shows that it can be
assumed that all the members of the sequence U sUyree., U, are

w=-words which implies that a=b. s

Y

p+1) S sy
instead of
It remains the case n=1. Let a=u°,u1,...,ut-=b, be as above.

If t=0, then a=b, and if t 21, then t >2. Let t=2. Then uy
where c €A, and a=u(c)=b. Let n2=3 and u,#a; by a standard

=ec,

induction it can be shown that if c€A and Usj=...Cunn then
2
=y (c)=b.

This completes the proof of (*).
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4. From 1, 2, and 3 we obtain the following main result of

this note:

Theorem. Sl (2) is a variety of g-algebras iff a\q(0)

contains at most one operator.
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