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n-SUBGROUPOIDS OF CANCELLATIVE GROUPOQIDS
S. Markovski

The classes of n(7)-subgroupoids of cancellative groupoids are consi-
dered in this paper, where ¢ is a groupoid term of some special form. It is
known that these classes are quasivarieties ([2], [3] p. 274). We give here a
description of the axiom sets of that quasivarieties.

L. n-subgroupoids of groupoids. Let X={X1, Xg5 ... s Xps. . .} bea set
of variables, and let * be a binary operation symbol. Dsfine the notion of a
#-term (or, briefly, of a rerm) in the following inductive way:

(i) every variable is a term,

(ii) if #5, f, are terms, then the string # #,. is a term,

(iii) a string of elements of ths set X (U {*} is a term iff it is obtained
by a finite application of (i) and (ii).

Define a subterm of a term ¢ by this inductive way: f is a subterm of
itself, and if ¢+ = t't”, then t’, ¢ and any subterm of ¢, t"" are subterms of
tto. By t =1¢,(...,13...) we denote that the term ¢, is a subterm of z.

If ¢is a term, then #(yi, ¥y ... i) denotes that {yy, ya, ..., ¥}
is the set of variables which appear in .

Let A be a set and let #(py, ..., ;) be a =-term. If every appearence
of a variable y; is changed by an clement a; € A4, then we get a string 7 (a,. .
... @) of elements of the set 4 \J {*}, called a *-word (or a word) over the
set A. We say that the word 7 (a1, . . . , a,) has the form of the term 7 (y, . . .
.« ..s¥s). We define a subword of a word in the same way as we have de-
fined a subterm of a term. Denote by W(A) the set of all *-words over the
set A. Clearly, A C W(A).

Define an operation - on the set W(4) by

(Vu,vEW(A) u-v==uv

In this way F,= (W(4), -) becomes a grupoid, which is isomorphic
to the free groupoid generated by the set A.

For any groupoid G = (G, 0) and any *-word u = 1 (@, ..., @;) we
define ug = tg(as, . . ., @) to be that element of G which is obtained from
u by replacing any operation symbol * by the operation o of G.
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A universal algebra A = (4, f) with cne n-ary operaticn f (n > 1)
is said to be an n-groupoid.

Consider an n-grupoid (4,f) and let 7 =7 (xy,...,x,) be a =term
which is not a variable. The n-groupoid (4, f) is said to be an n(t)-subgroupoid
of a groupoid (G, 0) iff A C G and for all a,,...,a,E A

(1.1) F@sy o= 585) = 1a{@is. -5 s):

The #-term ¢ is called a representation of the n-ary operaticn f. If the
representation ¢ of f is given, instead of n(f)-subgroupoid we will say simply
n-subgroupoid.

Suppose that ¢ is a given representation of the operation f of the n-
groupoid (4, f). Let P={u € W(A) | u has not a subword of the form 7 (a.,...
.. @p), Where ay,. .., a, € A}. Define an operation e on P by

U, VEP, suvEP = u o v — xuy,

,VEP, *uy =1(@3,...,a) > uev=1(a:,...,a,)
Since  contains exactly n distinct variables, (P, o) is a groupoid. As 7 is not
a variable, we have that 4 C P, and (1.1) is satisfied by the definition
of (P, e). We say that (P, e) is the (universal) t-covering groupoid of the

n-groupoid (4,f), and denote it by A* = (47, o).
Thus, we have proved

Theorem 1.1. Every n-groupoid is an n-subgroupoid of its universal
t-covering groupoid. R
Notice the following property of the r-covering groupoid A*:

(1.2) Uy @ vy =tig® vy = (U =y, v; = vg in F,) or
(uy o vy =f(ay,...,a,), ug e vy =
= f(bys...>by) and f(@s,...,a,) =
= f(by, ..., b,), where a,, b, € A).
(1.3) uesve Ao suv =t(a,,...,a,), where a,€ A.

2. n-subgroupoids of cancellative groupoids. An n-groupoid (A4,f) is
said to be i-cancellative iff

f(a:l,:' cesBi-13 05004, . . .5 Qy) =f(ay... =at—-1scsa[+1:---saa)::'b:c

for any ay, b, c€ A. An n-groupoid (4, f) is cancellative (left cancellative,
right cancellative) iff it is i-cancellative for all i =1,2,...,n (n-can-
cellative, 1-cancellative).
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Lect the representation ¢ of the m-ary operation f have the form
t = =1, 1, Denote by ¥V (1;) (V(#)) the set of variables which appear in
the subterm 7, (zs). We have the following

Theorem 2.1. (i) If V (t,) C V (t3), then every n-groupoid is an n-sub-
groupoid of a right cancellative groupoid.

(i) If V (ts) C V (ty), then every n-groupoid is an n-subgroupoid of
a left cancellative groupoid.

(iii) If V (t)) =V (t;), then every n-groupoid is an n-subgroupoid of
a cancellative groupoid.

Proof: (i) By Theorem 1.1 it is enough to be shown that the f-cove-
ring groupoid A" of any a-groupoid (4, f) is right cancellative, when ¥(t,)
C ).

Let w,v,wC A", and veu=weu

If v e u = #vu, then w e ¥ = xwu, and (1.2) implies that v = w.

If v @ u =~ #vu, then by (1.3) we have that w e u = *swuand veuy =
=f(@y..-,a5) =f(by,...,b,) =w eu where *vu = t(ay,...,a,), swy=
= t(by,...,by,) for some a,, b,EA™. In fact, as V(t;) Z V (), we can
suppose that  (xy, ..., Xp) = ®l3 (X4, ..., X) I3 (Xp5 . 0. 5 Xa)s 1.

P:II(‘IIS-":QF): W=fl(b1,...,b‘),
u=1ty(@s...;a,) =1t(by,...,0,).

We have from the last equality that @, =by,..., a, = b,, which
implies that v = w.

(ii) In the same manner as in (i) we can prove that V(f,)C V(¢,) im-
plies that the 7-covering groupoid of any n-groupoid is left cancellative.

(iii) is a consequence of (i) and (ii). R

3. n(t)-subgroupoids of cancellative groupoids, when 1 is a balanced term.
A term is said to be balanced if a variable appears in it at most ones. Here we
will consider only such representations #(Xy, ..., X,) of #-ary operations wh-ch
are balanced and the order of the appearcnces of the variables in the term
r is natural (le. xi4( foliows x4, for all i).

A subterm 7, of a term ¢ is said to be terminal iff either ¢ ==#t,t, or
t = *t;t; and 7, 15 termmal n f,.

Further on we will use shorter notations of the strings of variables of
elements of a gven set in this way: y¥ will denote the strng of variables
Vi Vitrs - - -» Ve U< k), a2, will denote the string a@m, ..., @y (M < n) of
elements of a set 4, f(a}) will denote f(ay, ..., a,) and so on.
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Theorem 3.1. If an n-groupoid is an n-subgroupoid of a (left, right) can-
cellative groupoid, then it is a (left, right) cancellative n-groupoid.

Proof: Suppose that (4, f) is an n-groupoid, which is an n(f)-subgrou-
poid of a left cancellative groupoid (G, 0), where ¢ is a given balanced term.
Then we have (for any a,, by, ¢, € A):

f@i™b) =flai )= te(ai ', b) = to(ai " o) >
t16(a1') Ot (@ni1s B) = t1g(al) © tag (Amit, €) =
tsc (@mi1> b) =tsg (@hir, ) > -2 b=c,

where ¢ (xX]) = #1; (x]) 13 (Xms1)s--. - [}

Theorem 3.2. A left cancellative n-groupoid (A, f) is an n-subgroupoid
of a left cancellative groupoid iff the following conditions are satisfied:

(i) For any terminal subterm t,(x}, ) of the representation t(x7)
of f, the quasiidentity

3:.1)  FOE ) =65, 280 2 F%, y2.) = f(%, 22, )

is true in (A,[).

(ii) If 1 is @ terminal subterm of t and if t (X7) =ty (X', t; (xF ),

xp okt (%t 1))s then the quasiidentity

SO, 7 =FOR, 22 L)
3.2)
i —fe i Ji —k+
=L Yk Xt ) =L (X 2 X0

is true in (A, f). (Here, x,, x,/, yy, zy are variables.)

Proof: It is easy to be shown that the quasiidentities (3.1) and (3.2)
are true in an n-groupoid (A,f), which is an n-subgroupoid of a left
cancellative groupoid (G, o). For instance, let the hypothesis of (3.2) is sa-
tisfied in (A4,)). Then, it follows from (1.1) that

fag (af_kH: he (b’f")) = Ia¢ (a';'“kH: he ("qu))
for any a,, by, ¢, € A, which give rise to
(3.3) Le (b;;_i) = tig(ei ),

because we can cancel on the left-hand side. Now, by multiplying on the lefi-
hand side and on the right-hand side, it follows from (3.3) that

tag (dis 11 (01 AET) = 1ye (d1> hra (™), AT

for any d, € A, i.e. we can conclude that (3.2) holds true in (4, f).
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We suppose now that the conditions (i) and (ii) are satisfied.

Define a congruence on the #~covering groupoid A”* of the n-groupoid
(A,f) as follows.

If #; (x7) is a terminal subword of 7, then we put

(3-4) t1(ap) ot (B) & (3 €ys - s o) F(X 7, B) =X, ap)

where ay, by, ¢, € A.

As a consequence of (3.1) we get that the existential quantifier in (3.4)
can be replaced by the universal one. This implies that the relation &y on 4° is
transitive and symmetric.

Define a relation & on A” by

uavu="t(a, 1" (b)), di), v="='(ay, t" (), di), " (6) o ¢” ()
where «,, by, ¢y, d, € A and t"' is a terminal subterm of .

Finally, we put

ubpve Quyy ..y tnyr=0) ucuicuge. .. u .

Since the relation « is reflexive and symmectrig, § is an cquivalence.
Letu, v, wE A", uay. If uew = suw, then v ¢ w = #yw and it is clear
that u e wa v e w. Suppose that u e w& 4. It follows by (1.3) that for
some 4y, ..., a,€ A, »uw = t(a]), where

t(x]) =1y (¥, ta (X[15), "'f+p+1) ta (¥ % (X5 p00))s
u=1ty (@, t3 (@1, af, ), v = ta(a)s ts(BiR)s a0
w= g (a7 % 13(a;_,. )

where by, 4 and

3.5) ts (ai?) ao t3(bjT).

Now, (3.5) implies that for some ¢, € A4

flei™ @iy =rf(ei™ bl

and from (3.2) we get

wew = £(@) = flaly ittt ) = vew

In the same way as above one ¢an prove that u, v, wEA”® = (uev =
>weuaxwev),ic. that § is a congruence on A”*.

Now, to complete the proof, we have to show that (4, f) is an n-sub-
groupoid of A" /8 and that A" /B is a left cancellative groupoid.

4 Topmmen 300pHEK
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Leta€ A, u€ A" and ax u. Then @ and # have a form of a variable,
i.e. u€ A, which means that a «, #. So, for any c€4, f(c]'a) =
= f(c?~', u), and this implies @ = u. It follows that if a, b€ A4 and aBb,
then g = b, and we can assume that 4 C 4" /8.

Finally, let u,v,wEC A" and uevPBuew. If uevE A, then uew
EA’ and u = ‘1 (ai)! =13 (0?4.1)3 W= t!(b,_]_l) f(alll) =f(a{ f+1) where
t = #fy 13, Gy, by S A. Now from th: definition of o, we have that v e, w,
i.c. vpw.

Suppose that # e v and u e w are not in 4. Then there exists a sequence

xUy — *Hl l’l o *ua V,O(. AR 4 *ut-—l V;_l o *uk Vi — ®Uw

where # up, * tgVa, . . . s *p—1 Vp—1, *uw have a form of a term 1’ = a1, t,.
Let ¢’ be not a terminal subterm of ¢, Then #u;v; « * 44, vy, implies
Uy & Uiy Vi % Vipr (= 1,2,...,k),i.e vBw. If t' is a terminal subterm
of t, then we will use the following property:

FUG Vi O ¥l g Vigpq = ¥UgV; Lo ¥y Vi

which is an easy consequence from the definitions of ¢, and «and (3.2).
In such a way the transtivity of o, implies # uv «, * uw, and since v and w
have a form of a terminal subterm of ¢, we get v, w, ic. v w. [

We can formulate and prcve Theorem 3.2° for right cancellative n-
groupoids in an easy way by exchanging the definition of a terminal subword
by an intitial subword, left by right, and reformulating the conditions (i)
and (ii) in Theorem 3.2.

When cancellative n-groupoids are regarded, one can prove in the
same mannaer as above the following

Theorem 3.3. A cancellative r-groupoid (A,f) is an n-subgroupoid of
a cancellative groupoid iff for any representation of t in the forms

tx) =1 (35 ta (55T Xpa) = fa (X ta(XE0), X700)

= ta(x], 14 (xp13), 2

m+1 m+s-rl)’

the following quasiidentities are satisfied in (A, f):
FOok, x5, Mad =T P W03 &F (' Yo ¥ 50) =F (X5 20 2251

:f(x’”m 15 - Hr;‘{:-l) -—f(x'”m Z" x'”:t_:l) !

4. Remarks. 1. We should note that the above results are generali-
zations of some of the results given in [1], and that further generalizations
are possible. For example, let the representatior of a ternary cperation f
be given by f = ¥*x,x,* x.x,. Then one can prove that a ternary groupoid
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(4, f) is a 3-subgroupcid of a cancellative groupoid iff it is left cancellative
and 2-cancellative.

2. If the representation of the unary operation f of the 1-groupoid
(4,f) is a variable, then (4,f) is an 1-subgroupoid of a groupoid (G, o) iff
ACG.

3. If the representation t of the n-ary operation f contains k variab-
les, k < n, then an n-groupoid (S,f) is an n-subgroupoid of a groupoid
only if f depends actually on k variables.

4. It could be obtained results similar to that given in 3 by using ba-
lanced terms as representations of the n-ary operations in which the variab-
les do not app:ar in the natural order. In that case slightly different refor-
mulations of Theorems 3.2, 3.2, 3.3 should be made.
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n-NIOATPYIIOU/IN O TPYITOU/IU CO KPATEBE

C. Maproscru
Pesume
Bo pafoTasa ce pasrienyBaar oGOmIITYBaka Ha Jel O pe3ynraTuTe Jameny so [1].
Haseno, ce pasriedysaar # (f)-mOATrpYmOMmMTE OX TPYNOMAUTE CO KpaTetse, kajie ! € Tpy-
mOMISH TepM 0 Heko] creuujanen obmuk. ITo3duaTo e Aeka kmacaTta o7 #(f)-IOXIrPYIIOK=

THTE HA TPYNOWMTE CO KpaTeke e KBasumHorykpatrocT ([2], [3]), a oBze ce nasa omuc Ha
Taa XBalHMHOTYKDPATHOCT.
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