Algebraic conference
Skop je 1980

BI-IDEAL SEMIGROUPS

B. Trpenovski

We call a semicroup S a bi-ideal semigroup iff
all subsemigroups of S are bi-ideals in §, i.e.B€S,
Bzg B => BSB< B. Bi-ideal semigroups were introduced
in [6] in an analogous way as the left-ideal semi-
groups were introduced and studied in [}] and [7].
It seems, however, that the way the structure of left-
ideal semigroups is described in [3] and [7J is
not appropriate in the case of bi-ideal semigroups. So,
we explore here the idea from [2] to give a structu-
ral description for bi-ideal semigroups. First, let us

gucte some of the results from [G]:

Theorem 1. Let S be a bi-ideal semigroup. Then the
following hold:

(1) (Yyags) aSa £<a>, vhere <a> 1is the cyeclic
subsemigroup of S generated by a;

(ii) S is periodic and |[<a>|<5 for all a€S;
(iii) The set E of all the idempotents of S is a
rectangular band;

(iv) (Ye€E) (VYXES) xe, ex€E. &

In what follows we suppose S to be a bi-.deal se-

migroup.
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Let us put P = S\E, where E is as in Theorem 1.
We shall establish some properties about P and S.

a) It is easily seen that P is a partial semigroup,
i.e. (Vx,y,z€P) if one of the elements (xy)z and
x(yz) belongs to P, then (;y)z, x(yz) € P and (xy)z =
= x(yz).m

From Theorem 1 it follows that

b) (Yx€P)(ImeN), where N is the set of posi-
tive integers, such that xmgﬁ P. (In fact, (\{Vxe&P)
x5¢ P). Because of this property we may call P a peri-
odic partial semigroup. R

A subset R of a partial semigroup Q is said to be
a partial subsemigroup of Q iff [x,ye R and xye€Q,
then xyG_:_R]. A partial subsemigroup R of a partial se-
migroup Q is said to be a bi-ideal in Q iff x,y€&R,
Xqy €Q, gq€0Q, implies =xgye€ R. If all partial subsemi-
groups of a partial semigroup Q are bi-ideals in Q,
then we call Q a partial bi-ideal semigroup. We can
show, now,

c) P is a partial bi-ideal semigroup.

Really, if B is a partial subsemigroup of P, x,y€B
and xpye€P, peP, then B* = <B> in S is a bi-ideal
in S and therefore xpy &€B*. But, from B*\BS<E and
PNE = @ it follows that xpy€B. m

Let e be the idempotent in <x> and let us put
$(x) = e . Then,

d) ¢:P - E is a homomorphism.

If xy=z, %X,¥y,2€P, then zx=xyx€&€<x> in §, i.e. 2zXx=

=xk. ke{1,2,3,4,5}. Let xm=ex. From zx=xk it fo‘l—
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m__m+k-1 . : m+k-1
lows that zx =x , 1.e. ze =e, since X =

= exxk 4 is a idempotent (th. 1 (iv)) which belongs
2 3
= = = d n, so that
to €x>. Now, Z ex zex ex, z eX ex and so on,

=5 ., imi r we have e _e_=e and then
e, e ~e, Similarly 2%

= t e _=e which means
exey ezexeyeze£<ez> so tha e, vz
that ¢(x)eé(y) = o(xy).®

Let x,vy€S and xycE. Then in a similar way. as
above we can prove that ee =e and eye=e where

e=xy. Now, Xxy=e=ee e e=exev=¢(x}¢(y):

Y Y
e) X,y€ 8, xyeE = xy = ¢(x)é(y).m

If we put ¢(e)=e for all ee€ E, then from the de-
finition of ¢ and e) it follows that we can extend

$:S - E to be an epimorphism.

Conversely, assume that P is a periodic partial
bi-ideal semigroup, E a rectangular band, PNE = g and
$:P - E a homomorphism. By putting ¢(e)=e for all
e€ E, we can consider ¢ as a mapping from S = PUE
onto E such that ¢IP is a homomorphism. We define an
operation in S by

xy as in P if x,v€P and xy is defined in P,

v i {@(x)¢{y) otherwvise.

Let us show that S is a semigroun. Let x,y,z€S.
We consider the following three cases:

(i) If one of (xy)z and x(yz) belongs to P, then
as P is a partial semigroup, we have that (xy)z,
x(yz)€P and (xy)z = x(yz).

(ii) If both, xy and yz are not defined in P, then
(x,y)z, x(y2)€ E and by the definition of the opperation
in S and the associativity in E we have that

(xy)z=[s(x) s (y)] 6 (2) =3 (x3[3(y) 8 (2)] =x(y=) .
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(iii) Finally, if at least one of xy,yz (for
instance xy) is defined in P but neither of (xy)z
and x(yz) 1is defined in P, then

(xy) z=6¢ (xy) ¢ (z) = (¢~homomorphism) =
= £¢(x)¢(y[}¢(2)=(associativ;ty in E)=
= (x) [¢ (y) ¢ (2)] =(definition of ¢,
or ¢-homomorphism)=¢ (x)¢(yz)=x(yz).

Denote the semigroup just constructed by S=(P,E,9$).
We shall prove, now, that S=(P,E,¢) 1is a bi-ideal

semigroup.

Let B be a subsemigroup of S, x,y €B and segS.
It is clear that B*=B\E is a partial subsemigroup of
P. So, if xsye P, then xsyecB*c B since P is a
partial bi-ideal semigroup. Let xsy 1is not defined

in P. If xy &B*, then Xy is not defined in P and

xsy=4(x)¢(s) ¢ (y)=(E is a rectangular band)=
=¢(x)$(y)=xy € B.

Finally, if xyeP, then xycB* and, because of the
periodicity of », (xy)* € E- for some kE€N. Let (xy) “=e
We have that e €B\B* and, since ¢ is a homomorphism,

6 (x) ¢ (y)=¢(xy) & E. Now,

¢(xy)ﬂ[¢(xyﬁ]k=¢[(xy)k]=e.
So, again we have that
xsy=0 (x) ¢ (y)=¢ (xy)=e € B,
which proves that B is a bi-ideal of S.
In summary, we have proved the following

Theorem 2. 2 semigroup S is a bi-ideal semigroup iff
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s=(P,E,¢) where P is a periodic partial bi-ideal semi-
group, E a rectangular band, PMNE=§ and ¢:P—-E a ho-
momorphism. ®

At the end, using Theorem 2, let us guote some
examples of bi-ideal semigroups.

Examples
1) Every rectangular band js a bi-ideal semigroup.
2) Let A be a nonempty set, E-rectatgular band

and ¢:A-E any mapping. Then S=AUE is a bi-ideal

semigroup with an operation defined as follows:

p(x)d(y) if x,y€ER
xy if x,vy€E

Xy
¢$(x)y 1if =xe€A,y€E

xp(y) if X €E,yeA.

3) Let E be a rectangular band and B, a partial
semigroup defined as follows: (i) x,ye;Bk, X#FV —> Xy
ig ngt defined in gk;éiil X€EB, == x?e B, (k=2),

S < EBk (k=3), x",x7,x EBk (k=4) . Further, let
$:B, — E be a mapping such that, if xke By then
$(x7)=6(x). Let us extend ¢ to a mapping from S=B, UE
onto E by ¢(e)=e for all e€ g If we define an gpe-
ration in S by xy=¢(x)¢(y), then S will be a bi-ideal
semigroup.
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