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CHARACTERIZATION OF ( , )m k m+ − RECTANGULAR BAND  
WHEN k m<  

 
Dončo Dimovski1 , Valentina Miovska2 

 
  Abstract. An −+ ),( mkm semigroup ])[;(Q  which is a direct 
product of a left-zero −+ ),( mkm semigroup and of a right-zero 

−+ ),( mkm semigroup is called an −+ ),( mkm rectangular band. 
In this paper we give a characterization of an 

−+ ),( mkm rectangular band, when mk < . 
 
1. Introduction 

Let Q be a nonempty set, and 1≥k . The pair ])[;(Q  is called an 
−+ ),( mkm semigroup if mkm QQ →+:][  is a map satisfying the following 

condition: 
]][[]][[ 2
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kmkm

kmi
kmi

i
i xxxxx +

++
++

+++
++

+ = , for each ki ≤≤1 . 
 Let A= ])[;(A  be an (m+k,m)-groupoid, where ][  is an −+ ),( mkm  operation 
defined by mkm xx 11 ][ =+ . Then A is an −+ ),( mkm semigroup and it is called a left-
zero −+ ),( mkm semigroup. Dually, a right-zero −+ ),( mkm semigroup ])[;(B  is 
defined by the operation km

k
km xx +

+
+ = 11 ][ . 

The  pair ])[;( BA× , where ][  is an −+ ),( mkm operation on BA×  defined by 
∈==⇔= +

+ ibaybaxyx kjjjiii
mkm ),,(),,((][ 11 ⌠m+k, ∈j ⌠m )  

is an −+ ),( mkm semigroup and it is a direct product of a left-zero and a right-zero 
−+ ),( mkm semigroup on A  and B , respectively. Such an −+ ),( mkm semigroup 

is called −+ ),( mkm rectangular band.  
 
2. Characterization of −+ ),( mkm rectangular band when mk <   
A characterization of (2k, k)-rectangular bands is given in [3], i.e. the case when k=m. 
Here we will give a characterization of −+ ),( mkm rectangular band when mk < , 
and we assume bellow that mk < . First we state the following lemma: 
 Lemma 1. Let Q ])[;(Q=  be an −+ ),( mkm semigroup, and Q  satisfy the 
following equalities: 
 (a) i

km
ki

i
i

km xxx ][][ 2
11

2
1
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+ = , ∈i ⌠m; 
 (b) j

km
kjki

kj
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km yxyxyx ][][ 1
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1
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11
+
+++

−+
+

−+ = , ∈ji, ⌠m. 

Then 12)1(111 ][][ skm
ks

skm xxx +
+−

+ = , 2≥s . 
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 Proof: The proof will be given by induction on s . Since Q  satisfies (a), it 
follows that the case 2=s  is true. Let the statement hold for 1−s  and a  be a fixed 
element ofQ . Then: 
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a
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 Proposition 2. Let Q ])[;(Q=  be an −+ ),( mkm semigroup. Q  is an 
−+ ),( mkm rectangular band if and only if the conditions (a), (b) of Lemma 1. and 

(c) 
mkm
xx =

+

][  are satisfied in Q . 
 Proof: Suppose that the −+ ),( mkm semigroup Q ])[;(Q= ,  satisfies (a), (b), 
(c), l  is the least positive integer such that lkm ≤  and mlkt −= , and a  is a fixed 
element of Q . 

 (A) Denote by L  the subset of Q  }]{[ 1
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 So, ])[;(L  is a left-zero −+ ),( mkm semigroup. 

 (B) Let }]{[
1

QxxaD m

km
∈=

−+

 and Dxa mi

km
∈

−+

][
1

, ∈i ⌠m+k. Then: 

imkm

km

m

km
xaxa ]]...[][[

1

1

1

+

−+−+ )(b
= 1

1111
]][][[

−

+

−+−−+ m

mki

kmk

mi

km
axaaxa

)(b
=

1

1

1

11

1

1
]][][[

−−

+

−−

=
mm

ki

kkm

i

k
aaxaaaxa

)(b
= =

−

+

−

+

−−

1

1

1

11

1

1
]]...[][][[ m

m

ki

km

ki

kkm

i

k
axaaxaaaxa

1

11

1

1
]][[

−

+

−−

=
m

ki

kkm

i

k
axaaaxa

)(a
= 1

11

1

1
]][[

−

+

−− m

ki

km

i

k
axaaxa

1L
=

1

1111

1

1
]]...[][[

−

+

−+−−

=
m

ki

kt

m

m

i

km

i

k
axaaaxaaxa 1

1111
][

−

+

−+−

=
m

ki

ktm

i

k
axaaaxa

1L
= 1

11
][

−

+

− m

ki

k
axaa

)(b
=

mki

km
xa ][

1

+

−+

= . 
 So, ])[;(D  is a right-zero −+ ),( mkm semigroup. 
 (C) We define a map QDL →×ϕ :  with: 
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 (C1) We will prove that ϕ  is a well-defined map.  

Let 1

1
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−+km
ax 1

1
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=
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m
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1−+

= . Then: 
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 (C2) We will prove that ϕ  is an injection. 

Let )][,]([)][,]([
1

1

11

1

1

m

kmkm

m

kmkm
vaauyaax

−+−+−+−+

ϕ=ϕ , i.e. 1

11
][

−− mk
ayax 1

11
][

−−

=
mk
avau . 

Then: 

1

1

1

11
]][[

−+−− kmmk
xayax 1

1

1

11
]][[

−+−−

=
kmmk
xavau  

1

1111

1

11
]]...[][[

−++−−−− kmt

m

mkmk
xaayaxayax 1

1111

1

11
]]...[][[

−++−−−−

=
kmt

m

mkmk
xaavauavau  

1

1111
][

−++−− kmtmk
xaayax 1

1111
][

−++−−

=
kmtmk
xaavau  

1

1
][

−+km
xx 1

1
][

−+

=
km
xu  i.e. 

1

1
][

−+

=
km
xux . 

 So, 1

1
][

−+km
ax 1

1

1

1
]][[

−+−+

=
kmkm
axu

1L
= =

−++−+−+

1

111

1

1
]]...[][[

kmt

m

kmkm
aaxuxu  

1

111
][

−++−+

=
kmtkm
aaxu

1L
= 1

1
][

−+km
au . 

2189



D. Dimovski, V. Miovska 

 

248 

 

Similarly: 
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 Hence, Q  is a direct product of a left-zero and a right-zero 
−+ ),( mkm semigroup.  

 Conversely, let Q  be a direct product of a left-zero and a right-zero 
−+ ),( mkm semigroup. 

 (D) Let ,),( Qyx ii ∈  ∈i  ⌠m+2k. Then: 
=++ ikmkm yxyx )],)...(,[( 2211

=++++++++ ikmkmkmkmkmmk yxyxyxyx )],)...(,)(,)...(,[( 221111  
),( 2kii yx +=  and ikmkmkikiii yxyxyxyx )],)...(,)(,)...(,[( 221111 ++++++ ),( 2kii yx += . 

Hence, Q  satisfies (a). 
 (E) Let ,),(),,( Qbayx ∈ββαα  ),(),(),,(),( kjkjkikijjii bayxbayx ++++ == , 

∈βα, ⌠m+k, ∈ji, ⌠m. Then: 
 == +++++ ),()],)...(,)...(,)...(,[( 11 kiiikmkmkikiii yxyxyxyxyx  

jkmkmkikikjkjiijj bayxbayxbaba )],)...(,)(,)...(,)(,)...(,[( 111111 ++++−+−+−−= .  
Hence, Q  satisfies (b). 

 (F) Let Qba ∈),( . Then ),(]),([ yxyx i

km
=

+

 i.e. 
mkm
yxyx ),(]),([ =

+

. Hence, Q  
satisfies (c).   ⁿ 
 Proposition 3. Let Q ])[;(Q=  be an −+ ),( mkm semigroup, mk < . Then Q  
is a direct product of a left-zero and a right-zero −+ ),( mkm semigroup if and only if 
there is a semigroup );( ∗Q  which is a rectangular band, i.e. a direct product of a left-
zero and a right-zero semigroup, such that    kiii

km xxx +
+ ∗=][ 1 ,   

∈∈ ++ iQx kmkm ,1 ⌠m. 
 Proof: Suppose Q ])[;(Q=  is an −+ ),( mkm semigroup, direct product of a 
left-zero and a right-zero −+ ),( mkm semigroup. According to Proposition 2. (a), (b) 
and (c) are satisfied in Q . 

 For a fixed Qa∈ , let ∗  be an operation defined on Q , by 1

11
][

−−

=∗
mk
ayaxyx .    

 (A) Clearly );( ∗Q  is groupoid. 
 (B) We will prove that );( ∗Q  is a semigroup. Let Qzyx ∈,, . Then: 

=∗∗ zyx )( 1

11

1

11
]][[

−−−− mkmk
azaayax

1L
= =

−−+−−−−

1

11111

1

11
]]...[][[

mkt

m

mkmk
azaaayaxayax  

1

11111
][

−−+−−

=
mktmk
azaaayax  

1L
= 1

11
][

−− mk
azax ; 

=∗∗ )( zyx 1

1

1

111
]][[

−−−− mmkk
aazayax

)(b
= =

−−−−−
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Hence, )()( zyxzyx ∗∗=∗∗ , i.e. );( ∗Q  is a semigroup. 

 (C) We have zxazaxzyx
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1
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][  and 1
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c)(
=  in );( ∗Q . 
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Hence, );( ∗Q  is a semigroup in which zxzyx ∗=∗∗  and xxx =∗ , i.e. );( ∗Q  is 
a rectangular band. 

 (D) Finally, we have i
kmx ][ 1

+
)(b
= =

−

+

−

1

11
][

m
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k

i axax xi*xi+k, for 
∈∈ ++ iQx kmkm ,1 ⌠m. So, );( ∗Q  is a semigroup, is a direct product of a left-zero  and a 

right-zero semigroup and iii
kk yxyx ∗=][ 11 . 

 Conversely, let ])[;(Q  be an −+ ),( mkm semigroup, and there is a semigroup 
);( ∗Q  which is a rectangular band, such that kiii

km xxx +
+ ∗=][ 1 , kmkm Qx ++ ∈1 , ∈i  

⌠m. 
Then 
(d) zxzyx ∗=∗∗   and 
(e) xxx =∗  
hold in );( ∗Q . 
 We will prove that the statements (a), (b) and (c) from Proposition 2. are true in 
Q .  
 (E) Let kmkm Qx 22

1
++ ∈ ,  ∈i ⌠m. Then: 

=+
i

kmx ][ 2
1 =∗∗ +++++ ikmkmkmmk xxxxxx ],...,,,...,[ 2111 kikii xxx 2++ ∗∗

)(d
=

=∗ + kii xx 2  

i
km

ki
i xx ][ 2

11
+
++= . 

So, the statement (a) from Proposition 2. is true. 
 (F) Let kmkmkm Qyx +++ ∈11 , , ∈== ++ jixyxy kikjij ,,,  ⌠m. Then: 

i
km

kiij
km

kjki
kj

ji
j xxxyxyxy ][][ 11

1
1

1
1

+
+

+
+++

−+
+

− =∗= . So, the statement (b) from 
Proposition 2. is true.  

(G) Let Qx∈ . Then: xxxx
e

i

km )(
][ =∗=

+

, i.e. 
mkm
xx =

+

][ . So, the statement (c) 
from Proposition 2. is true.   ⁿ 
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