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Abstract: Using the notion of vector valued semigroups, i.e (mtk, m)-
semigroups ([1], [2]), a special class of n—groupoids, named “m|k—
semigroups” is introduced and some examples of m|k—semigroups are given.
It is shown that the general associative law (GAL) for m|k—semigroups holds,
and some consequences of GAL are obtained. A description of the universal
semigroup of an m|k—semigroup is given. The notion of mlk—group is also
introduced and some properties are shown.

1. Introduction

Investigation of vector valued semigroups and groups, has led us to a class
of m|k—semigroups.

First, we will introduce some notations which will be used further on:

1) The elements of Q°, where Q" denotes the s—th Cartesian power of Q, will

be denoted by x; .

2) The symbol .x,’ will denote the sequence xx;;,..x; when i < j, and the
empty sequence when i > j.

s
3) If x;=x,=...=x,=x (x; €Q), then x, is denoted by the symbol x .
If n, meN , where N is the set of positive integers, then an (n, m)—
operation on a nonempty set Q is any mapping f: Q"— Q. In this case, we call

the pair Q =(Q; ) an (n, m)—groupoid.
Let f be an (n, m)—operation on a set Q. We can associate to fa sequence of

m n—ary operations fi, f5, ..., f, (fi: Q"= Q, 1=i < m), by putting

fl:(ala aj, ..., G,,) i bi = _/(ah A2y v s an) = (blu b2; see s bm) (l)
for every IS i< m.

Then, we call f; the i—th component operation of fand we write:

Pl b " )

Conversely, if £}, f5, ... , f,, 1s a sequence of m n—ary operations on the set Q,
then there is a unique (n, m)—operation fon Q, such that (2) holds. :

If the equality (2) is true, we say that cpQ = (Q; /1, f3, ... , /) 1s the component
algebra of Q and (Q; f;) is the i—th component n—groupoid of Q.



Further on we will assume that Q#d and that n, m are positive integers such
that n — m = k 21. An (n, m)-groupoid Q = (Q; /) is called an (n, m)-semigroup iff the
following cquality:

SR Xt ) = A ST ) Kma) (3)

" is an identity in (Q; f), for every 0<i < k.
Using the component algebra, (3) is equivalent to

LAY OIS s e G o s L ) B)

forevery 0<i<k, 1<j<m.

‘The object of our interest is the case where component operations are mutually
equal (f; =f2 = ... =fm =/ ), 1.€ a vector valued groupoid Q = (Q; /*), where
he §E s gl
g__w—/

m

Definition. Let /: Q"— Q, ( f: Q"* = Q). Then (Q; /) is an n—-groupoid
(m+k—groupoid ) and we say that (Q; /') is an m|k—groupoid.

Definition. Let [: Q"™ — Q be such that:
i k i i
S N i) = £ @ ™ )" K @
for any i, 0< i < k. Then, we say that (Q; f) is an m|k—semigroup.
We denote by ¥V, the class of mjk—semigroups.

Remark. Obviously, if (Q; /) € Vyy then (Q; / *) is an (n, m)-semigroup,
where f* =( [, f,..., /). The convers is not true. Namcly, let Q = N and g : NN
sl

be defined by g(xf):(l,l,x, "Xy -X3-X4-Xxs). Then, (V; g) is a (5,3)-semigroup. If
= g3, then it is easy to check that (V; /) is not a 3|2-semigroup.

Examples of m|k—semigroups:

Example 1. Let Q # &. Tix an element e Q and put / (x{"*" )=a, for every

x"™* & Q"™ Then (Q; /) is an ml|k—semigroup, called a constant m|k — semigroup on

Q.
Example 2. Let m = 2, k = 2. Definc a 2|2—operation [ on Q by

: 1 : e
__/(x,“):g(x‘ + x5 *x54x;) , for every x,4 e @ where Q is the set of rational

numbers. Then (@; /) is a 2|2-semigroup.

Example 3. Let Q be the set of rational numbers and define an mlk—operation

m+k

fonQ@by f(x"* =—l-(x, Xy 4ot X, ), forevery x"™* € @™ Then (Q;f)is
i 2 m+k 1

an mlk—semigroup.
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2. The general associative law (GAL)

We will show here that the “general associative law” is also true for ml k-
semigroups. First we will introduce the notion of polynomial operation.
Let (Q; £ )€ Vulx . For s 21, we define an opcrdtlon L aq
inductively, in the following way:
1) fl(xIerlk) = f(x{n+k)
2) fs+l(xm+(s+l)k f((f ( m+sk )m m+(.r+l)k) (5)
1

Tm+sk+1

X Ik
for every x/""* € Q"* and m+(s*) e QUHTIE

By induction on both r and s (as it is done in [2] for (n,m)—semigroups) we
obtain the following statement:

Theorem. (GAL) If (Q; /)€ V,,li, and r, s 21, x/"" "% & Q™% then

f/+:( m+(l+c)k) f (x (f ( 1+m+sk))m m+(r+s)k) (6)

Xitm+sk+1

for every 0 <i < rk.

3. Some consequences of GAL

As a direct consequence of GAL we have the following proposition:
Proposition 3.1 1f(Q; /) V,lx, then (Q; f)e Vs , for every s Zt.
Proof. Let (Q; /) be an ml k—semigroup. Then,

fs((/-s(xIank ))m m+2sk ) R / 2,3 m+ 2SL)

Xm+sk +1
By using GAL, we obtain fzs(xl"’”“) = S (fS( :I{"ﬂk ))mx{'i;,szk_,_]), where 0
< i < sk. This, implies that (Q; /*) is an ml sk—semigroup, for every s >1.

The notion of a commutative m| k—groupoid can also be introduced in an
obvious way.

Definition. An ml k—groupoid (Q; /') is commutative iff for every permutation
oe S, the following identity holds:

S = f@ () ©)
where O'(x]'"+k) = xo(l)-"c(l)---xo-(m+k) z

Using GAL and the usual induction, we obtain:

Proposition 3.2 1f (Q; /) is a commutative m| k—semigroup, then (Q; /*) is a
commutative | sk—semigroup, for every s >1.

Definition. An ml k—groupoid (Q; /') is cancellative iff every implication
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.m 2 .m k
flay xaj)=f(a) ya) = x=y (8)

holds in (Q; ), for every 0 </ < k.

Now wc give the following charactcrization for thc canccllative ml k=
semigroups. The proof s by analogy to the proof of Theorem 5.7. in [2].

Proposition 3.3 1f (Q; f)e V,|«, then the following conditions are equivalent:

(i) (Q; /) is a cancellative m k—semigroup;

(i) (Q; /) is a cancellative ml sk—semigroup, for every s >1;

(ifi) (Q; /) is a cancellative m| sk—semigroup, for some s >1;
(iv) (Q; f) satisfies the following implication:

k m 7z m m i m i
[f(ay x)=flay y) v [(xb)=f(yby) ] = x=y 9
(v) There are i, s 21, ie Ny _, sk 22 such that the following implication in
(Q; /) is true:
o i
SHayxaiy)=[(ayyaiy) = x=y (10)

Remark. An (n,m)-semigroup Q is said to be cancellative (see [2] ) if
f@x"ab )= f@y"al,) = x =y i=l..m
forany i, 0 <i<k.
This definition can be used as a definition for cancellative ml k—semigroup, but
the one given in this paper is not convenient in defining, for example, m| k—groups.

Definition. An nl k—semigroup (Q; /) is called an ml k—group , iff
m m
(Va{ Q' be Q) (3x,yeQ) f(af x)=b=[f(ya). (1)
Example. Let [ Q"*— Qbe defined by f(x"**) = 71,‘()‘1 + Xy ot X k)

for every x"*F e

group.

Q "**, where @ is the sct of rational numbers. Then (@; f) is an mfk—

The proposition bellow gives a characterization of ml k—groups (|2]).
Proposition 3.4 1f (Q; /)e V,I« , then the following conditions are equivalent:

(1) (Q;f)isan ml k—group;

(i) (Q; [ is an ml| sk—group, for every s =1;

(i) (Q; f*) is an ml sk—group, for some s 2>1;

(iv) There is an s >1, satisfying sk >2 and i€ Ny _,, such that the equation:

m
S, 0 n+sk
7 (a{ xai’+m+l)=b (12)

is solvable for given af € Q', o155k e Q* 1, beQ;

(v) There is an s 21, such that sk >2 and for cach ie Ny _,, the equation (12)
is solvable;

(vi) For each s 21, satisfying sk 22, there is an ieNy - |, such that the
equation (12) is solvable;
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(vii) For each s >1, satisfying sk >2, and each ie Ny, , the equation (12) is
solvable.

4. Universal semigroup of an ml k — semigroup

In this section we will consider the question for embedding a given ml k=
semigroup (Q; f') into a semigroup, and, we will give a description of the universal
semigroup of an ml k—semigroup (Q; f).

m
Let (Q; /) be an ml k—semigroup and let A = {(a{'Hk b)) f(aImﬁLk) =b}.
We denote by Q" the free semigroup with a basis Q. If = is the least congruence on the
semigroup Q' containing A, then quotient groupoid Q'/= with the operation - defined
by:
als‘a;H: a{ » , t<m+k
(PN i Ik

(13)

for every a, €Q, is a semigroup.
We denote by Q" the semigroup Q*/=, (Q* = Q"/=) and we write Q" = (Q", -).
Then the following propositions hold:

m
m+k

1. flai " )=binQ = aiai- i aua=bnQ"
2.4, b, a0=b = a=b
m m
Let A={(b,b)lAai ..., auu€Q) a1-as- ... - Gyu= b }, and let ~ be the
least congruence on Q” containing A. Then, Q*/~ with the operation * defined by:
af*aéﬂz{af ,t<m+k (14)

a1 a0 . Emek
for every a, € Q, is a semigroup.
Let Q* = Q%/~, and Q* = (Q*; *). Then we have the following:
I’ f@"™*=pbinQ = a*a*..*a,.,=binQ"
2 a,beQ,a~b = a=b.
In other words, by 2° we can assume that Q is a subset of Q.
For the class of ml k—semigroups, we have the following result.

Theorem: If P =(P; #) is a semigroup, such that Q < P and
m
f(af"”") =hinQ = [g*@m®..%au=b A a*ays...®a,,=b]inP.

Then the inclusion ¢ > a of Q into P can be uniquely extended to a homomorphism
from Q* into P.
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Proof. Let ¢: Q* — P be defined by:
p@=a, ¢(a;) = areaze...eq,
for every ae Q and a,' eQ.
We will show that ¢ is a well-defined mapping. Let af N,
st : L ‘ > .
) If af =ala;yy alypers b =aja;als 4. and, there is e

that f(c]"**) = a;,, , then:

, such

m
t
0(a;) =a,°a,°...%0,% a; | ®...%0, = (1%U1°...90,;9C|®...9C)+4®... 80,

=q ea;e...0aq,%a,.\°...%q; = (p(bf).
2) Let a{ =Uy = Uy = .= U, :b]“' . Then, by 1),
0(a)= Q@)= ou)=..= )= (h).
Now, we will show that @ is a homomorphism.Let af,a;,, € Q".
1) s <mtk
@ (aj*a),))= @ (a))= a\%a;e...8a,%a,.°...8a; = @ (a))*o (af,)).

2) s = mtk. Then, @ (a] *a},)=¢ (c*ay,;4), where ¢ = f@mhy . we
can assumc that s—m—k+1< m+k and then, we have:
O (C* A ir1) =@ (€AYt fs1) = COUmeicr1®... 90 = A1 9A20...90 90 1+1®... Oy O i+ ®-. s

= (P(f’f o0 (ajyy).
In other words, Q* is the universal semigroup of Q = (Q; /).

As a consequence of the last theorem, we obtain the Post’s Theorem for ml k-
Semigroups, i.e. every ml k—semigroup can be embedded in a semigroup.
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